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Frequency Response of Tires Using the Point Contact Theory

R. L. CoLLINs*
University of Louisville, Louisville, Ky.

The theoretical frequency response of a rolling tire is obtained here for angular oscillations about a vertical axis
through the axle in the wheel plane. The point contact theory, also known as the DeCarbon or Moreland theory,
is used to describe the side (cornering) force and the torsional (self-aligning) moment as a function of the oscillat-
ing frequency. These results are compared to previously published experimental results and found to show
reasonable correlation especially when compared to theoretical results obtained using the von Schlippe or
stretched string theory. It is noted, both from experimental and theoretical results, that the frequency response
is considerably influenced by rolling speed which is contrary to implications given in previous papers. It is also
pointed out that an upper limit of the forcing frequency exists above which the empirical data is not likely to
represent natural shimmy oscillations. The results indicate that the point contact theory is adequate for use in
shimmy analysis over both the tire yaw and structural-torsion shimmy modes of vibration if appropriate tire

parameters are used.

Nomenclature

b == half width of tire footprint or contact area
c = tire yaw coefficient
¢t = tire lateral damping coefficient
¢ = tire time constant
D = tire diameter
Dygym = drum diameter
d = effective tire width
F = magnitude of dimensionless, complex lateral force ampli-
tude
= dimensionless complex lateral force
= lateral force acting on wheel
= vertical force on wheel
== oscillation frequency, cps
= half length of tire footprint or contact area
= imaginary unit (—1)*/2
= lateral tire stiffness
= magnitude of dimensionless, complex tire moment ampli-
tude
= dimensionless complex tire moment
moment acting on wheel
moment about vertical axis due to finite tire width
= tire inflation pressure, rated pressure
, = tire radius, rolling radius
= ratio of footprint length to quarter path wave length
= complex frequency (i@)
= forward rolling speed
= lateral and forward wheel coordinates
= lateral deformation of tire
= vertical deflection of tire
= angular velocity of tire for slip and no slip
= tire path wave length
1.t = tire torsional stiffness, and damping coefficient
F,qS = phase angle of lateral force and moment
.o = yaw angle of wheel and its amplitude
+ = yaw angle of tire footprint relative to wheel
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w = radial oscillation frequency, rps
Q) == derivative with respect to time
() = derivative with respect to y coordinate

I. Introduction

N important aspect in the design of aircraft and auto-
motive wheel systems is the vibration of the wheel about

its vertical axis commonly referred to as shimmy. If the
designer is to perform a realistic shimmy analysis he must, of
course, use valid mathematical relationships describing the
force-deflection characteristics of the tire. Several theoretical
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models of tires have been proposed in the literature, and the
most realistic and useful of these are the stretched theory! and
the point contact theory.!** Although the stretched string
theory has been proven valid in many respects, it leads to a
delay-differential equation which can cause difficulties in the
solution of shimmy problems both in the direct integration of
the equations of motion and in the application of stability
criteria. It has been shown'-* that the point contact theory
will provide valid results for low-frequency shimmy oscilla-
tions while offering computational simplicity over the stretched
string theory. It still remains, however, to show the degree
of validity of the point contact theory for the higher shimmy
frequencies in the structural torsion shimmy range.® It is
the purpose of this paper to show that the point contact theory
described in previous papers can provide a valid mathematical
representation of the tire over-all possible shimmy frequencies.
In the following the frequency response equations for the
point contact theory is formulated and compared to the
theoretical results using some published experimental results
over the range of realistic shimmy frequencies.

It has been recently noted by the author that an empirical
formulation of the tire equations has been suggested by Rogers
and Brewer® using Bode plots of certain experimental data.
Formulation of tire equations by synthesis from experimental
data can lead to very good results for any particular set of
experimental data depending upon the order of the differential
equations assumed. However, the necessary coefficients
obtained in this manner, without regard to the actual mecha-
nics of the system, do not lend themselves readily to extrapola-
tions from the conditions of the experimental data from which
they were determined. It may be observed by the reader that
the synthesis technique proposed in Ref. 8 (contrary to state-
ments made there) may be applied to the more rational theore-
tical tire equations of Refs. 2 and 3 as well as those presented
in the following pages.

II. Experimental Frequency Response Data

Consider a pneumatic tire mounted upon a wheel which has
its center plane vertical and axis of rotation perpendicular to
the direction of rolling as indicated in Fig. 1. In this state the
wheel experiences only a drag force resulting from the resis-
tance of the tire carcass to its vertical deflection caused by
imposing a vertical load on the axle. In what follows the
drag force is assumed negligible in comparison to the other
forces which occur when the wheel plane is altered in direction
or lateral position. If the wheel plane is rotated about a
vertical axis through its axle an angle i, a side force F; and a
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Fig. 1 Schematic drawing of tire frequency response test set up.

moment M, are experienced by the wheel. Also, if the wheel
plane retains its direction during rolling but is displaced at a
rate x to the side a force and a moment will again be experi-
enced. The tire tests considered here were performed on
wheels mounted over a rotating drum to simulate forward
rolling as indicated in Fig. 1. )

Frequency response data is generally obtained for harmonic
angular motions of the wheel plane such as: ¢ = i, coswt,
where the amplitude i, is fixed and the resulting lateral (or
side) force F, and moment M, are determined by gages fixed
to the axle. The measured force and moment values should
be corrected for the effects of the wheel and tire inertia as:
F, =F, — mx and M, =M, — Iy, where F,, and M,, are the
measured values of the side force and the moment. In the
experimental data available only the b motion is produced
while the x motion is restrained so that x = x= ¥ = 0.

The data is presented in typical frequency response fashion
where the output F,, M, are ratios to their stationary, steady
state (w = 0) values. For a given frequency w these output
ratios will have a magnitude and a phase angle ¢ relative to the
input . The magnitudes are represented by: F=
| Eofib| /| Fefplss M = | MyJs| /] Mi/p|s where the subscript s
refers to stationary, steady-state conditions and the phase
angles are represented by: ¢r and ¢,. These ratios when
plotted against the input frequency w are the common attenua-
tion and phase plots. However, rather than plotting against
the frequency w the method used in previous papers2~—++6-& will
be used here also. The reduced frequency & is used where
@ = w/V and where V is the rolling speed. The data was
previously published using & in place of w probably because it
was assumed that the results would be independent of rolling
speed V. It will be noted, however, that this is generally
not true. Some of the previous papers also use a somewhat
arbitrary dimensionless parameter @D where D is the tire
diameter. Actually a more characteristic dimensionless
parameter would be 2@h where 24 is the length of the tire
contact or “footprint.”

The frequency response data discussed here was obtained
over a large range of reduced frequencies for a few automotive
type tires. It can be noted that areas where the experimental
data begins to deviate substantially from the linear theories
are regions where significant tire contact slippage is very
likely taking place. In this case one cannot reasonably expect
the linear theories based on an adhesive contact region to be
reliable. It will be shown in the following that, in several
cases considered, shimmy did not occur above a value of @
for which the static footprint length is greater than one-quarter
of the tire track wave length.

J. AIRCRAFT

Realistic Reduced Frequency Range for the Occurrence of Shimmy

To determine values of the reduced frequency & for which
shimmy might occur the following hypotheses are considered:
1) Shimmy is caused by a tire contact stress condition which
develops while the tire is principally in a state of pure adhesive
rolling. Significant sliding in the contact region becomes
prevalent only when the shimmy oscillations have grown
sufficiently large in frequency or in amplitude for the tire-
ground lateral adhesive forces to be overcome. 2) When the
static tire footprint length is greater than one quarter of tire
path wavelength, the tire can be considered as principally in a
state of sliding, which is not a natural shimmy condition. By
tire path wave length we mean the wave length of the trace of
the tire upon the rolling surface.

If £ is the tire path frequency in cycles per second (f = w/27)
then the path wavelength A is A = V/f and from the definition
of @ the wavelength is A =2n/@. Let R be the ratio of the
footprint contact length (24) to the quarter wavelength A/4:

R = 2h/(\4) = dhad|n M

Fig. 2 shows the range of natural shimmy frequencics experi-
enced during shimmy testing of various aircraft landing
gear systems and models. Some of the data has been taken
directly from aircraft landing gear which experienced shimmy
during aircraft taxi tests. Other data is from aircraft landing
gears and small model tires mounted above rotating drums.
The data indicates a definite range of frequencies within
which natural shimmy motion occurs. It appears that
shimmy for typical aircraft systems occurs only for R ratios
less than one, a conclusion which may also be drawn from
hypotheses (1) and (2) which were previously mentioned.

From this collaboration of experimental data and intuition
the following criterion for determining an upper limit on the
reduced frequencies for which natural shimmy oscillations are
capable of being excited is proposed: The footprint ratio
R =1 is a practical upper limit for the occurrence of shimmy.
At combinations of @ and & which produce R > 1 it is improb-
able that sufficient nonsliding footprint contact area is de-
veloped so that natural shimmy oscillations can be maintained.
Using Eq. (1) and the limit R =1 it is observed that the
reduced frequency range over which the occurrence of shimmy
is possible may be determined from the inequality

hao < 0.787 )

1t can be noted that some of the experimental forced frequency
response data discussed herein was obtained well beyond this
limit.

N R=1
(ﬁ 4 aAirplane data, main landing gear
@ nirplane data, B-25 nose gear (Edman)
% B-25 nose gear simulation (Edman)
9+ % Airplane data, C-119 nose gear (Moreland)

~ gg‘lmrplane simalations of various nose gears
R=.5 g3}C-54 nose landing gear studies (models)
- 4

4 M.E. 110 tail vheel, (Renz)
L x00 Small models (Moreland, von Schlippe,
Kantrowitz)

3 a
W~ (RADSFT)

Fig.2 Comparison of reduced frequencies experienced during shimmy
testing of aircraft tires.
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Fig. 3 Sketch of contact area

of block pattern tread tire used

to obtain Pacejka’s frequency
response data.

The most complete set of data on the frequency response of
tires that the author was able to find published is presented by
Pacejka.® A careful search of this thesis yields the informa-
tion necessary for the correlation presented in the following.
Pacejka’s testst were made by pressing the tire onto a rotating
steel drum. The tire force and reactions were measured at
the axle and were corrected for tire and wheel inertial effects.
In the thesis, data is presented for two truck or tractor-type
tires with considerably different tread design. Only the tread
design referred to as “block pattern” is presented here as the
larger portion of the available data is for this tire. A sketch
of the block pattern tread footprint is shown in Fig. 3.

The following information, presented in the thesis in kms
units has been converted for use in Table 1:

To obtain data over a range of values of @ Pacejka held the
frequency w constant while varying the speed V. Inpresenting
data in this manner it is important to note that the resuiting
response curves are rolling speed response curves at constant
frequency rather than true frequency response curves. If the
tire properties are independent of speed, the particular
frequency w used during the tests will be unimportant and all
response curves will coincide. However, the data shows a
very definite effect due to rolling speed V. If the rolling speed
of the tire is considered to be a property of the physical state
of the tire then it would seem more appropriate to hold this
quantity constant while changing the driving frequency w in
order to obtain the frequency response. Some of Pacejka’s
data are replotted herein using constant velocity as a para-
meter.

Four frequencies were used (=1, 2.16, 4 and 8 cps) so that
a reasonable cross plot of the original complex plane data can
be made to obtain the frequency response curves shown in
Fig. 4 a—c. The original data appears on p. 173, Fig. 11 of
Ref. 3. The data appear to be quite good and exhibits
reasonable trends. As in all tire data, however significant
scatter can be expected due to the very complexity of the actual
tire mechanics. For instance varying the amplitude of
oscillation or the type of tire tread can change the resuits
considerably as is exhibited by other data in Refs. 3 and 7.

The reduced frequency limit of Eq. (2) can be found from
the tire data given above as @ << 0.787/0.378 = 2.08 rad/ft. It
can be observed in Fig. 4 a—c that reversals in trend of the
output quantities ¢r, M, and ¢ take place in the range
1 < @ < 2 which indicates that natural shimmy oscillations
are not likely to occur after this reversal takes place since the

Table 1 Tire: automotive (heavy duty) 9.00 x 16

D =1m =3.28ft ; Dyrum =821t

F*=6960n =15651b ; ¥, =+075°

p =25psi ; Pr = 55 psi.

h =0115m=03781ft ; b =0.0925 m = 0.303 ft
¢ =0.75x%x10"%rad/lb ; ki =1.133 x 10* 1b/ft

gy = 2.88 x 10° ft Ib/rad

1 Pacejka is not clear as to the value of vertical load for these
tests. He gives a value of 10,000 for another series of tests in which
the contact half-length is A= 0.138m. The contact half-length for
this data is #=0.115m and assuming vertical load varies as the
square of the contact length, the load for this case is: 10,000
X (0.115/0.138)2 = 6960 N.
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Fig.4a From Pacejka’s experimental data. Normalized lateral tire
force amplitude and phase angle as a function of the reduced frequency
for various rolling speeds.
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Fig. 4b From Pacejka’s experimental data. Normalized tire
moment amplitude as a function of the reduced frequency for various

rolling speeds.
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Fig. 4c From Pacejka’s experimental data. Tire moment phase
angle as a function of reduced frequency for various rolling speeds.
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tire is being forced into a state of considerable footprint
slippage. The parameter in Figs. 4 a—c is rolling speed V
and it can be seen that considerable effects due to rolling speed
are present. For this limited quantity of data the most
significant speed effects appear in the lateral force response F.

Although this is an automotive type tire, the test inflation
pressure is only 25 psi compared to the 55 psi rated normal
pressure. Therefore, the contact length to the tire diameter
ratio (0.23) more closely represents some typical aircraft tires
than it does a standard automotive tire (about 0.10).

Saito* presents some frequency response data for a pneu-
matic “model tire” mounted on a rotating steel drum. Some
numerical information on the test equipment is given however
no data is available on the tire parameters (stiffness, etc.)
beyond the tire diameter (158 mm). The vertical load was
3.5 kg but without the vertical tire stiffness values for the
footprint length 24 cannot be determined so that the reduced
frequency limit of Eq. (2) cannot be established. It is likely
that the data obtained in the higher reduced frequency range
is above this limit however due to the appearance in a sudden
shift of the tire moment phase angle ¢, from about —65° to
+100° at @ = 5.0. Data is obtained to about @ = 9.5 rad/ft.

A significant factor is noted in the absence of data on the
rolling speed (V") and true frequency w (rad/sec) which implies
that the author considered the effects of rolling speed to be
insignificant and which, as shown in Pacejka’s data, is a serious
oversight. As a matter of fact by neglecting ¥ as a parameter
and plotting the frequency response curves in this manner one
can be mislead into labeling the reduced frequency at the
point where the tire moment phase angle ¢, shifts from
negative to positive as the point of “kinematic shimmy.”
This was done by Saito as well as others. The term kinematic
shimmy coined by A. Kantrowitz some years ago refers to
wheel oscillations at exceptionally low speed ¥ where inertial
effects are essentially nonexistent. However, as noted in
Fig. 4 the condition of the ¢, ““shift” does also occur at the
high rolling speeds and consequently high shimmy frequencies
w so that the shimmy, if it could occur naturally at this
frequency, would hardly be of the “kinematic”” mode. It may
be concluded that this condition, rather than indicating a point
of kinematic shimmy, indicates the frequency at which signi-
ficant slippage occurs in the footprint and consequently where
the ratio R is approaching the limit (R = 1).

J. L. Ginn® et al. also obtained data on a 28 in. diam auto-
motive tire mounted so that it rolled upon a 120 in. diam steel
drum. The tire contact length, although not explicitly
stated, can be calculated from other information (24 =0.75 ft).
The reduced frequency limit from Eq. (2) gives @ << 2.1 rad/ft.
The data shows the tire moment phase ¢, shifts from about
—65° to +70° at 1.5 <@ < 2.15 rad/ft. The tests were run
at two oscillation frequencies (f = 1 cps, 4 cps) and the rolling
speed was varied at each frequency in order to obtain a range
of reduced frequencies from 0.06 < @ < 7 rad/ft. With this
data the effect of speed V' can be determined to some degree.
The effect was not large in this case but could be observed on
the force phase angle ¢, and the moment amplitude M. Tt
is possible that the rather large oscillation amplitudes used
in these tests (4-4°) led to excessive contact area slippage and
masked some of the speed effects.

III. Theoretical Frequency.Response

It is possible to determine the frequency response of tires by
theoretical analysis over the natural shimmy frequency range
with good accuracy. Segel,? Saito,* and Pacejka® have per-
formed analyses using the stretched elastic beam and stretched
string concepts for the tire. The frequency response analysis
using the stretched string and beam theories will not be
presented here as they are covered in the cited references.

The equations for the point contact theory as presented in
Ref. 1 are recast here into the frequency response form with
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the path distance variable y replacing time # as the independent
variable. If primes denote derivatives with respect to y then
the lateral or side force acting on the wheel is

Fo= (@ + e Vi)fc 3

where ¢, is the angle between the wheel plane and the tangent
to the tire path as shown in Fig. 1 (also see Ref. 1). This
angle represents the amount of twist of the tire footprint with
respect to the wheel plane. The parameters ¢, and ¢ are the
tire time constant and the tire yaw coefficient while ¥ is the
rolling speed. The side force is also related to the lateral
deflection A of the tire footprint center relative to the wheel
plane as

F,=kiA+ c VA @

where k, is the lateral tire spring constant and ¢, the lateral
tire damping coefficient.

The tire footprint yaw angle ¢, also leads to a torsional
moment M, as indicated in Fig. 1. which may roughly be
represented by:

Mt = F/lﬁz‘t -+ ,deVzllt, -+ M* (5)

where p, is the torsional spring constant of the tire and u, the
torsional damping coefficient. The moment AM* is due to the
finite width of the tire and its resistance to the steering rate .
When the tire direction is changed due to the rate i one side
of the tire contact region is forced to operate at a greater
rolling rate while the other rolls at a slower rate thereby
inducing a tractive force on one side and a braking force on
the other. This effect then leads to a torsional moment about
the vertical axis in the wheel plane which retards the angular
rate . For the sake of brevity a complete derivation of the
moment will not be given here however the following explana-
tion is offered.

The moment M* can be shown to be roughly equivalent to

M* =dkR.(¢" — &' [R,)/2 6

where d is the “effective’ width of the tire, (approximately half
the tire width), &k is the coefficient of slip defined by the
equation F, = kS where F, is the tractive or braking force
acting on each side of the tire in the ground contact region and
S the slip where S = (8, — 0)/0,. The tire rotational rate is
denoted by 8 while 8, is the rotational rate when no braking
or traction is present. The constant (R,) is the tire rolling
radius” (R, == R — 8/3) where § is the vertical tire deflection.
The tire is approximated by two disks separated by a “torsion
rod” of length d and stiffness K,. One disk turns relative to
the other an angular amount ¢ so that a torque 7= K; ¢ is
experienced by each disk (in opposite directions). When this
torque, the ground force F, and the slip S are used in the
equations of equilibrium for the two disks and if inertial effects
s <;§) and damping effects (C, ¢) are neglected Eq. (6) may be
derived along with the following expression:

& = d’|R, + 2K4|[kRA(R — 8)] @)

from which ¢ may be determined in terms of .

Another expression which is necessary in tire rolling prob-
lems is the constraint of rolling without slipping. For the
point contact theory this equation is simply

Nt+d=—@EF+x) ®

Egs. (3)-(8) can now be combined so that the “output™
F,, M, can be written in terms of the “‘input” ¢ and x’, the
variables i, A, and ¢ being eliminated.

Since the final results will be written as normalized ratios to
stationary, steady-state value it is useful to consider the pre-
ceding equations at this condition (i, = A" = ¢’ =0)

(F)s = (l/’t)S/c; M)s = ,U'1(¢’t)s
(A)s = (@)s/(k10); G)s = —(@)s; (M*)s =0

where we also use the condition x” = 0 in this paper.
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To find the frequency response to the input ¥ = s, exp(iwt)
we note that as y = V¢ where ¢ is the time, then wf = @&y and
letting s =i® we substitute into Egs. (3-8) above: ¢ =
Po €xp(sy), A = Ao exp(sy) and eliminate 4, A, and ¢ leaving

F = (FJD)NF s = (as? + bs + k)[(As* + Bs + k) (9)

M = (MM /) = M7+ M* (10a)

where
M’ = (Gs* + bs + k1){(As* + Bs + k) (10b)
M* = [(Ad)(u, R)1s/(1 — &s) (10¢)

where the coefficients in Eqgs. (9) and (10) are

a=cielV? b=(cL+cik)V; A=c Ve
B=c V4 1lje; a=cipaV?p; b=(cL+ pkVip)V;
A=dkR./2; C=kR{R— 8)/(2K,)

With s=i@ we have the complex frequency response
equations for F and M. The magnitude of these complex
quantities will be denoted by Fand M while the arguments will
be the corresponding phase angles of F and M denoted by
¢rand ¢y. Separating Finto its real and imaginary parts we
find by conventional methods:

F = {[real(F)]* + [imaginary(F)}*}!/?
¢r = tan ~"[imag.(F)/real(F)]

similarly for M. Since these operations are quite well-known
and since the resulting expressions are algebraically quite
complicated and do not give significant information over
Egs. (9) and (10), they will not be presented here. The
expressions for F, M, ¢r, ¢ are functions of @ and ¥ and can
be compared directly with the experimental data presented in
this paper.

The M* moment of Eq. (6) was not used in previous papers
concerned with the point contact theory; however, Pacejka?
developed a similar term and found it necessary for correlating
the stretched string theory with experimental results for the
higher frequency oscillations. The M* term is also required
to provide valid results with the point contact theory at higher
frequencies near R = 1. The effect of M* on the moment M,
becomes more prominent as @ increases and may best be
investigated by considerations of M’ and M* drawn in the
complex M plane; however, these details are beyond the scope
of the present paper and we will now pass to the more pressing
problem of establishing the validity of these equations by
experimental-theoretical correlation.

IV. Experimental-Theoretical Correlation

The validity of the frequency response Egs. (9) and (10)
derived in Sec. 111 is examined here by comparing solutions of
those equations with the experimental data of Sec. II. As a
first estimate of the tire parameters ¢, k1, 1, and R the values
from Sec. II of this paper are used. However, to solve for the
force and moment response from the Eqgs. (9) and (10) values
of ¢i1, cu, pa, 6, d, k and K, are also needed. Data on these
quantities is virtually nonexistent. Ref. (7) gives an esti-
mate of the deflection 8 and a crude check on ¢, &;, and -
From Refs. 5 and 7 it is also noted that considerable variation
in all tire parameters can be expected depending upon many
factors such as rolling surface condition, tire tread condition,
and rolling speed V. Because of the lack of experimental
data the resulting analysis becomes somewhat academic, how-
ever, the qualitative nature of the resulting trends remains of
considerable importance and interest to analysts and designers
concerned with the shimmy problem.

The effective tire width 4 is chosen to be about 759 of the
true tire width 2b. A procedure was developed for determin-
ing values of ¢y, ¢, pa, kK and K, which would match the data
presented in Figs. 4 a—c for a rolling speed of V' = 36.5 fps
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(40 km/hr) within reasonable limits for these quantities. Of
course, these reasonable limits are again only estimates from
previous data on tires, mostly of the aircraft type. Absolutely
no reliable data exists; as far as the author is aware on the
values of ¢;, p4, and K, under dynamic or rolling conditions.

The following values were found as reasonable estimates of
the tire parameters for ' = 36.5 fps:

¢ =0.6 X 10~*rad/lb, ki, = 1.0 x 10* Ib/ft

pr =1 x 103 ft Ibjrad , ¢, =0.019 sec
cr = 20 1b sec/ft s e = 18 ft 1b sec
R=1.641t , S =0.045 ft
d =045 ft R k=47x%x10°1

K, =40 x 10® ft Ib/rad, V =36.5 ft/sec

When these parameters are used in Egs. (9) and (10) the force
and moment response are obtained over a range of reduced
frequencies @. This response is plotted in Figs. 5 a-c.

For rolling speeds other than V = 36.5 fps values of the
tire parameters should be determined experimentally and then
an exact correlation of the frequency response using the point

o

2 3 4 6 .810 20 3040
W = (W/V ~RAD/FT)

Fig. 5a Theoretical, normalized lateral tire force amplitude and
phase angle as a function of the reduced frequency for various rolling
speeds.

T

Fig. Sb  Theoretical, normalized tire moment amplitude as a function
of the reduced frequency for various rolling speeds. See legend
Fig. 5a.
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Fig. 5S¢ Theoretical tire moment phase angle as a function of the
reduced frequency for various rolling speeds. See legend Fig. 5a.

contact theory could be made. However, even when these
parameters are held constant while the speed ¥V is changed,
Figs. 5 a and b show that the frequency response trends are
quite similar to the experimental data for F, ¢r, and M.

The tire moment phase angle ¢, shown in Fig. 5¢ does not
correlate too well with the experimental data of Fig. 4c.
These results however are quite dependent on the values of
d, k, K, which are the most difficult parameters to estimate due
to lack of data. These parameters do not affect the Fand M
plots in Figs. 5a and 5b which do correlate well. Due to the
difficulty of obtaining accurate experimental values of M and
¢ it is also quite likely that considerable error exists in Figs.
4b and 4c. .

Generally it is noted in comparing Figs. 4 and 5 that rolling
speed does affect the frequency response of tires and that the
point contact theory can be used to predict the response at
least as well as the stretched string theory although, at present
insufficient experimental data is available for good quantita-
tive studies in the high-frequency shimmy range. It should be
noted from Refs. 2—4 that the frequency response predicted by
the stretched string theories shows no variation of the quan-
tities F, ¢r, M, dar with speed V. That is, they reducé the V'
parameter family of curves in each case to a single curve which
does not correlate with the experimental data of Fig. 4. It
should be noted also that Pacejka® discusses a tire inertia term
which leads to a variation of the response with speed for M
and ¢y, however the F, ¢r are unaffected. The empirical
results of Ref. (8) are also obtained without regard to the
rolling speed V. :
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V. Conclusions

The author realizes that more experimental evidence and
further studies are necessary before the dynamics of the rolling,
pneumatic tire can be fully understood however from the
observations presented in this paper the following conclusions
appear valid: 1) The point contact theory gives a valid
mathematical representation of the tire for shimmy analysis
over the entire range of natural shimmy frequencies when
appropriate tire parameters are used. 2) When obtaining the
frequency response of tires either theoretically or experi-
mentally, the rolling speed V' and the forced frequency w
should be considered separately, not simply the reduced
frequency w/v. 3) In frequency response analysis or experi-
ment it is not necessary to consider forced frequencies above
the ratio R =1 (or wh/v =0.787) as natural shimmy likely
does not occur above this condition. 4) More experimental
frequency response data on tire parameters is necessary if
accurate theoretical shimmy analyses are to be made in the
higher frequency range (structural-torsion shimmy mode).
Otherwise it is necessary to analyze the landing gear system
over large variations in several of the tire parameters in order
to be certain that the stability of the system falls within the
desired limits.
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